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Appendix

PROOF to PROPOSITION B11

Let m(t) = —em(t), @(0) = m® > 0. Then
m(t) = me ™ > 0, for 0 < t < T. Since

ah(Py,m, Q2)g(0,Q1) + h(Pp, m,Qy) > 0, it is obvious
that m(t) > m(t) > 0, where m(t) is a solution of (@)
for arbitrary P,(t) and Qq(t). Since m(t) > 0, we can
similarly conclude that Q;(¢) > 0 for 0 < t < T. More-
over, it is easy to see that m® > 0 and QY > 0 imply
m(t) >0and Q1(f) >0for0 <t < T. O

PROOF to PROPOSITION

(a) From @), we see that V4(0,Q%, m°®) = J(P;(t |
w)) or simply V§ = J(P;(t | a)), where Pj (¢ |

) is the optimal price trajectory given a. Let
QPZ( (t | ) denote the software quality trajec-
tory given a price trajectory P,(t) and «. Simi-
larly, let m™2(1)(t | &) denote the user network
size trajectory given a price trajectory P(t)

and a.
From @), we have Qi(t) = Qe +
we 0 f L e0Tm 7)dt, which increases with « for

every fixed tra]ectory m(t). Next we see from
@ that for a given price trajectory DPy(t) =0,
o (t) (t)

which means that m(t) increases w1th Ql( )
This implies that both Q(t) and m(t) in-
crease as & increases for a given price trajec-
tory P(t) > 0.

Let 0 < a7 < ap. Then QPZ(t)(t | a) <

Qi (t | ag) and mP00(t | ay) < mPO(t |
;). By the assumption on the functions 1 and
o, it is apparent that J(Pp(t | a1) < J(Pa(t |
ap). By definition, J(Pp(f | a1) < J(P5(t |
a1) < J(Po(t | ap) < J(P;(t | ap). Therefore,
V5! < V2. This completes the proof.

(b) The proof is similar to part (a). O
PROOF to PROPOSITION B3
From Proposition part (b), we know
V5 (0,01(0))
that —7>=—~22 > (. Therefore, A(0) =
0Q1(0) ©)
w > 0. The same argument extends
0Q1(0)
toA(t) = Y0 A) o 0

9Q1(t)

PROOF to PROPOSITION This proof requires
Lemmal[1l
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LEMMA .1 In the open source model, P, + u(ag(0, Q1) +
1) >0, for0<t<T.
PROOF to LEMMA[Tl

According to () and ([[2), we know that there are
two cases:

Casel:
{(Paym, Q) + (P2 + pag(0,Q0) + I G}, <
and#; > 0,
and Case2:
oh
h(Py,m, Qo) + [P2 + u(ag(0,Q1) +1)] 5%~ 5P =0
2 P,>0
and 77, = 0.
In case 1, [P>+ u(ag(0,Qq) +1)] |p2:0 =
ah
In case 2, [P, + y(ag(O, Q1) + 1)} |P2>O
—h(Py,m,Qz)/ % > 0. The result follows.
J 2 P,>0

By contradiction. Suppose at an arbitrarily chosen
time T € [0,T], u(t) < 0. By Proposition and
Lemmal[l

oh
[P, + p(ag(0,Q1) +1)] 5 <0.

Therefore, p(7) < 0 for T < t < T. This contradicts
u(T) = 0. So u(t) > 0. Since 7 is arbitrary, we can
conclude that 4(T) > 0for0 < ¢t < T. O

= (p+e)p—ar—

PROOF to PROPOSITION
oh

If P2 > 0, then h + Pza—Pz +
oh
#(ag(0,Q1) +1)=%- 3P, = 0 (from ([)). By Propo-
sition B4 and the assumptions that ¢ > 0 and
oh oh
— < < 0.
S < 0 we have u(as(0,Q)+ g5 < 0
oh .
Therefore, h + P, — > 0. By defini-
P |,
. dFp oh
tion P, . + 28P2 0 en
N oh .
P = h4+P— > 0. By the concavity of Fp,
T

we conclude P (t) < Py(m*(t),Qa(t)) for 0 < t < T.
Moreover, if the salvage value is zero at time T, then
#(T) = 0. From the previous argument, it is easy to
show Py (T) = Py(m*(T), Q2(T)). O



PROOF to PROPOSITION B The proof is similar to
that of Proposition Bl O

PROOF to PROPOSITION B2

The proofs for part (a) and (b) are similar to that
of Proposition (c) Using the Envelope Theorem

ave oL
(e.g., Varian, 1978, Page 268), we have —— T 9w
- fo N?dt. Therefore, the optimal closed source profit
decreases with w. O

PROOF to PROPOSITION The proof is similar to
that of Proposition O

PROOF to PROPOSITION[B.91.

The proof requires Lemma [2and Proposition

LEMMA .2 In the closed source model, Py + ay > 0 and

Py+p+ (P +apu)g(P,Q1) >0,for 0 <t <T.
PROOF to LEMMA [2l The proof is similar to that of
Lemmal [Tl O

By contradiction. Suppose at an arbitrarily chosen
time T € [0,T], u(t) < 0. By Proposition and
Lemmal2

fr=(o+e)u—[Pr+pu+ (Pr+ap)g (Plel)]% <0.

Therefore, p(7) < 0 for T < t < T. This contradicts
u(T) = 0. So u(t) > 0. Since 7 is arbitrary, we can
conclude that y(T) > 0for0 < ¢t < T. O

PROOF to PROPOSITION B.10
0
If Pl* > 0, then (g(Pl, Ql) + P1£> h(Pz, m, Qz) +
1

ayag h(Py, m, Q7) = 0 (from @0)). We can also

P§,P;
say that g(Py, Q1) + P1 == 9g +ap=—= 9% | _ = 0. By Propo-
' P, 9P |p
sition B9 and the assumption that aa 1§ 0, we have
98 98
2ol <
ayapl o S 0. Therefore, g(P;, Q1) + P== ap; |, 2
—— oFc - ag
0. By definition, b, - = ( (P, Q1)+ P== 3P )
h(Py,m, Qo)|p p, = 0. We can also say that
og .
<3 — 0. - _ >
g(Pl,Q1)+ Plapl 5 0. Then Pl g/apl

0. By the concavity of Fc, we conclude Pj(t ) <
Py(m*(t), Q;(t), Qa(t)) for 0 < t < T. Simﬂarly, if
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oh
[P, + P1g(Py, Q1)] 55~ b, +

= 0 (from @I))). Clearly,

P5 > 0, then h(Py, m, Qp) +

oh

Py, +1
wlag(Pu Q)+ |

Py is a function of Pl Let P;(P;) is the
oh
+ [P2+P1g(P1, Ql)} = +
ap,
oh

#(ﬂg(PllQl)‘i‘l)ﬁ = 0
2
that Py (P;) < P5(Py).

solution to h(P,,m, Q;)

It can be shown
By Proposition and

oh
the assumptions that ¢ > 0 and —— < 0O,

P,

we have u(ag(Py, Q1) +1);1i12 < 0. There-
PP}

oh

fore, h(Py,m, Qz) + [P2+ P1g(P1, Q)] 55
P;,P;
0. By definition, ?}% = h(Pp,m,Qn) +
2 | b,
[P, + P1g(Py, Q1)] 881131 = 0. Clearly, P, is a func-
21Py,P,

tion of P;. We denote it as P,(P;). By the concav-
ity of Fc, we know that P5(P;) < Py(P;). There-
fore, P;(P;) < Dy(P)). we conclude Pj(t) <
Dy(m*(t),Q5(t), Qa(t)) for 0 < t < T. More-
over, if the salvage value is zero at time T, then
#(T) = 0. From the previous argument, it is easy to
show P; (T) = Py(m*(T), Qj (1), Qz(T)) and P5(T) =
Ba(m*(T), Q}(1), Qa(T)). O

PROOF to COROLLARY EET1

(i) Exponential demand function. From Propo-

sition BT} Pi(t) < m*(t)Qa(t). From @), m =
Cc Pz o
(aexp(—@) + 1)exp(—m—Q2) —em,m(0) = m°. Let

it = (a+1) —em,m(0) = m°. Then m(t) = mOe ¢ +
(a4+1)(1—e%)/e, 0 < t < T. Clearly, rit > rir. The
result follows.

(ii) Linear-price demand function. Proof is similar
to (i). O

PROOF to COROLLARY

(i) Exponential demand function. From Proposi-
tion B, Pf(t) < Qj(t). From @), Q; = kN —
5Q1,Q1(0) = QY. Let Q1 = kN(0) —5Q1,Q:1(0) = QF,
where N(0) is the number of in-house programmers
at time 0. Then Q1 () = QY% +kN(0)(1— e %)/,
0 < t<T. Qp > Qi since N is decreasing over time.
The result follows.

From Proposition BTl Pj(t) <
1 (0 (P (1), Q(1) < m*(£)Qa(h).

m*(£)Qa(t) —
From @), i1 =

A



P +c ) 0
aexp(— + 1)exp(———=) —em,m(0) = m".
(aexp( Ql) ) exp( sz) (0)

Let it = (a+1) —em,m(0) = m’. Then m(t) =
mle + (a+1)(1—e#)/e, 0 < t < T. Clearly,
7t > 1. The result follows.

(ii) Linear-price demand function. Proof is similar
to (i). O
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