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Appendix. Proofs of all the Lemmas and Propositions.
Lemma 1. Let the level of knowledge at time t be K. Then the expected value of the incremental

cash flows due to process improvement at timet, 1<t <N, is
V(t.K) = 1 (©)exp(C(K) (KT t]

where

H[r t] Z {s t)r + 283 N —(&t)r (Al)

s=t+1 s=N+1

isthe value of a perpetual consul bond, where the payment on this bond, after N, depreciates at
aconstantratel- 9.
Proof of Lemma 1. The value of the incremental cash flows related to process improvement at

timetis

V(t,K) = E{Zt“;((f)) C.(s K)+ Z:)l Z(( ; 2(9C.(s, K)} (A2)

where 1<t < N.Fors> N,

Hf; X(SC (s K)}
_gs-Ng| Zs-D { ) H
{ 20 Es (_1)Ct( K)

= 9N (1) exp(C (K) - B.(K)) exp(~ r)E{Z(s(t)l)}

= 97"1(t)exp(C (K) - B (K)) exp(—(s-t)r)
where the first equality follows from the law of iteraed expectations (see Billingsley 1986, page

470) and thefact: y(s) isindependent of all other random variables in the model and
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E[x(9=1/7(N)=1=9>" . The second equality follows from the lognormality of the cash flows
and the pricing kernel, which yields

Z(s)
zZ(s-1)

EH[ C(s K)} = exp[- 1)1 (t) exp[C (K) - B (K)].

The third equality follows from the law of iterated expectations (see Billingsley 1986, page 470)

and the lognormality of the pricing kernel. Similarly, for s< N,

Et[%ct(si K)} = 1(exp(C (K)~ fc(K)) exp(~(s-1)r)

Substituting each term in equation (A2) yields the result. o

Before we go ahead to prove Lemma 2, we first rewrite the definition of M (t, K) asfollows
M (t, K) =7 (K)exp(C (K) - B¢ (K))I[r t] (A3)

Lemma 2: Given the definition of M (t, K) in (A3), we have the following properties:

(@ M@t K+1)>M(tK), 1<t<N

(b) M(t,K)>M(t+1LK), 1<t<N

© Mt,K+D)-M({t+LK+D)>M({K)-M({t+1LK),1<t<N

Proof of Lemma 2. Given the definition of M (t,K) in (A3), it is straightforward to show that
M(t,K +1) > M (t,K)

since (K ) and C(K) areincreasing with K and B (K) decreasing with K.

To show that M (t,K) >M (t +1,K), we show that T1(t,r) >II(t+Lr).

From equation (A1), we have

nir)=e’ +e 2+ .. g (N L gg(NFOr g2 (N+2-0r

TI(t+1 r):e—r re 2 4 . 4o (N-I-9r L g (N-Dr | g2o-(N+1-O)r | q3—~(N+2-t)r , |
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Thus,

TI(t,r)-TI(t+1r) = 1= 9)[I(t,r)—e " —e 2 — ...cg (N LDy o,

Thus M (t, K) =M (t+1, K) = 7(K ) exp(C (K) — B (K))TI(t,r) ~TI(t +1,r)) > 0

Again since n(K) and C(K)areincreasingwith K and f.(K) decreasing with K, we have
MtK+D)-M{Et+LK +D) >M(t,K)-M(t+LK), 1<t<N.o

Proposition 1: Optimal investment decisions.

Atanytimet, 1<t < N, with a knowledge level of K, if M (t,K) + Q(t, K) > 1, then the firm should

go ahead to invest in process improvement; otherwise, the firm should not invest in process

improvement, where M (t,K) has been defined earlier and Q(t,K) iscalculated as:

QLK) = SWt+ i, K) = W(t+1 K)+ Ot +1 K) (A4)
j=1
W(t, K) = max[M (t,K +1) + Q(t, K +1) -1, 0]- max[M (t, K)+ Q(t, K) -1, 0] (A5)
QN,K+j)=0, j=01, ---,N-t+2. (AB)

Proof of Proposition 1. Proposition 1 is aspecial case of Proposition 5, so its proof is omitted. o

Derivation of the condition for thefirm not to invest at or after timeperiod N.

In order to make sure that the firm has no economic incentive to invest at or after N, we need to
make surethat M (N, K) <1, since the value in the change of options due to the increase of the
knowledge level is zero if the value of the cash flows for investment in the process improvement
is smaller than the cost and the firm thus doesn’tinvest at or after period N.

Since

M (N, K) = 7 (K)exp(C (K) - B(K)IT]r,N] , and H[r,N]:i(eﬁr]

We have
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M (N,K) = 7(K) exp(C (K) — B (K)I[r,N] = z(K)exp(C (K) - B (K)) /(" — )

r

Tomake M(N,K)<1,then 9<
o(K) +1

,0(K) = n(K) exp(C (K) - S (K)).

0(K) isincreasing at K. The maximum knowledge level at NisKqg+ N -1.

g

Thus, if < € , thefirm will not invest at or after time N.

0K, +N-1) +1

Lemma 3. Let K be the knowledge level at timet and Q(t,K) be defined in the above. Then,
Q@t,K)>0, 1<t<N.

Proof of Lemma 3. We prove by induction. The conclusion is easy to prove when t=N, since

Q(N,K) = 0 according to the definitionin (A6). When t =N -1, from equations (A4) to (A6),

Q(N -1, K) = Ma{M (N,K +1)-1,0]-Max[M (N,K) -1,0]>0, since M(N,K +1) > M(N,K).

Suppose the conclusionisvaidwhent=i+1. That is, Q(i + 1K) > 0. Since K can be any finite

non-negative integer, clearly (i +1,K +1) > 0, which will be used in the following.

When t =i, according to equation (A4), Q(i,K) =W( +1 K)+Q(i +1K),

where W(i+ 1K) =Max[M (i +1 K +2) + Q( +1, K +1) -1, 0]- Max{M (i +1, K)+Q(i +1,K) -1, 0]

We have the following four cases

1: Both options are exercised:

W(i+LK)=M({+LK+D)+Q@(+L,K+1)-M(@{+LK)-Q(i+1,K).

S0, Q3i,K) =M@ +LK+D)+Q(i+LK+D)-M(i+1K)>0,snce M(i +LK+1)-M (i +1,K)>0

and Q(i+1,K +1) >0

2: Only the option with knowledge K+1 is exercised. Then

W(i+LK)=M({+LK+D)+OQ(i+1,K+1)-1>0.
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Q@,K)=W(i+1K)+Q(i +1,K) >0, since Qi +1 K)>0.

3: Only the option with knowledge K is exercised. Then

W(i+1,K)=1- M (i +1 K) -Q( +1K).

Q@,K)=W(i+1LK)+Q(i+1,K) =1- M (i +1 K) >0. Thisis because the option with knowledge

K+1isnot exercised, thatis, 1-M (i +LK +1) —-Q(i +1,K +1) > 0.

Thus, 1-M (i +LK)>1-M (@ +L K+1) > 1- M +1L K +1) - Qi +1 K +1) > 0.

4: No option is exercised.

W(i +1,K) =0.

Q1K) =W(i+LK)+Q(i+LK)=Q(>i +1K)>0.

Thus Q(i,K)>0. o

Proposition 2 . Let K be the knowledge level at timet and Qt,K ) be defined in the above. Then,
M({t,K+D)+Q(t,K+D>M (t,K)+Q(t,K), 1<t <N.

Proof of Proposition 2. We prove by induction. When t = N, we have

M(N,K +2) + Q(N,K +1) > M(N,K) + Q(N,K),

since Q(N,K +1) =Q(N,K) =0 and M(N,K +1) >M (N,K) from part (a) of Lemma 2.

Whent=i+1,suppose M (i +LK+1)+Q(i+LK +1) > M (i +1,K) +Q( +1 K) . Since K can be any

finite non-negative integer, M(i+1,K +2) +Q(i+1,K +2) >M (i +LK +) +Q(>i+L K +1), which

will be used in the following.

Then, when t =i, we have

M@i,K+D)+Q>I,K+D)=M@{,K+D)+Max{M ( +L, K+2)+Q({ +LK+2)-10] -
Max[M(i+LK+D)+Q(i+LK+1D -1 0+ Q(i +1,K +1)

M@, K)+Q@i,K) =M (i,K)+ Ma{M (i +L K +1) + Qi + L, K+1) -1, 0] -
Max[M (i +LK)+Q(i +1,K) -1 0]+ Q( +1,K)
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Since M(i +1LK +2) + QG +LK +2 >M(i+1K + D+ Qi +1K +1) > M (i +1,K) +Q(i + 1 K)

we have the following four cases:

Casel: M(i+1,K+2)+Q(i+1L, K+2)<1.

MG[,K+D+QG0,K+D)=M(i,K+1)+ Qi +1L,K +1) and M (, K)+Q(i, K) =M {,K) + Qi +1,K) -

Snce

M@i,K+D+Q1I +1L,K+D)=M@{,K+D)-M@{i+LK+D)+M(+1L,K +1)+Q(i +1L,K +1) and

MG, K)+ Q> +LK)=M(@i,K) =M (i +1K) +M [ +1 K) +Q( +1 K),

using theresult in part (¢) of Lemma2and M(i +LK+1) + Q@i +L K +1) >M(i + LK) +Q(i +1 K),

we then have

M@, K+D+Q@,K+1D >M(i,K)+Q(,K).

Case2: M(i+LK+2)+Q(i+1K+2)>1and M +1,K +1) + Qi +L K +1) <1

M@I,K+D+Q>1I,K+D)=M@{,K+D+M(@{+LK+2D+Q(I+1L,K+2)-1+Q( +L, K+1).

M (i, K) + Q@i,K) =M (i, K) + Qi +1,K)

Using M(i,K +1) + Q@ +1 K +1) > M (i, K) + Q(i +1,K) in case 1 and

M(@Gi+LK+2)+Q(i +1LK +2)-1>0, we have

M@, K+D+QG,K +1) > M(i,K)+Q(,K) -

Case3 M([+LK+D)+Q( +LK+)>1and M(i +1, K) + Q@ +L K) <1

M@I,K+D+Q>1I,K+D)=M@{,K+D+M(i+LK+2+Q(i+1L,K+2)-M({ +L K +1)

M(3i,K)+Q@,K) =M ([, K)+ M([+LK+D)+Q(i+1L,K+) +Q(i+1L,K)-1
<M@,K)+M ([ +LK +D)+ Q> +1K +D)+ Qi +LK) -M (i + LK) - Qi +1,K)
=M@, K)+M (i +1 K+ +Q( +1 K+1) —M (i +1,K)

Snce M(i,K+1) -M (i +1,K +1) > M (i,K) =M (i +1,K) from part (c) of Lemma 2 and

Mi+LK+2)+Q@(+LK+2)>M(i+L K+1)+Q(i +1,K +1)
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we have M@, K+D)+Q(@,K+D) >M(i,K)+Q(,K)

Case4d: M (i +LK)+Q( +1,K) >1
M@I,K+D+Q@1I,K+D)=M@{,K+D+M(+LK+2+Q(i+1L,K+2)-M({ +LK+1)
M(3I,K)+Q@(,K) =M ([, K)+ M([i+LK+D+Q(i+1L,K+D)-M (i +1 K)

Snce M(i,K+1) -M(i+1,K +1) > M (i,K) =M (i +1,K) frompart (c) of Lemma 2 and
MGi+LK+2)+Q(i +LK+2)>M(i+L K+ +Q(i +1,K +1), we have

M@, K+D)+Q@,K+D) >M(»1,K)+Q(>i,K)

Thus

M(t,K+D)+Q(t, K+D) >M (t,K)+Q(t,K), 1<t <N.oO

Lemma 4. Let K be the knowledge level at timet. Then Q(t, K) > Q(t +1,K)
Proof of Lemma 4. First, we show that w(t,K) > 0.

W(t, K) = Max[M (t,K +1)+ Q(t, K +1) -1 0] - Max.[M (t, K) + Q(t, K) -1, O]

Snce M (t,K +1) + Q(t, K +1) > M (t,K) + Q(t,K) from Proposition 2, we have W(t,K) > 0.

SnceW(t+1K)>0 and Q(t,K) =W(t+1,K) +Q(t +1, K) from equation (A4), we have

Qt,K)=Qt+1LK).o

Proposition 3. Let K be the knowledge level at timet. Then
M({t,K)+QtK)>M({t+1, K)+Q(t+1,K), 1<t< N.

So, if thefirmdoesn’t invest at timet, the firmwill not invest in the remaining periods.

Proof of Proposition 3. The inequality follows directly from part (b) of Lemma 2 and Lemma 4.

Now, if the firm does not invest at time t, then M (t,K) + Q(t, K) <1. It then follows from the

earlier inequality that the firmwill not invest in the periods after t. o

Proposition 4. Let K be the knowledge level at t. Then the firmis more likely to invest when
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a. Nislarger,
b. theinterest rater issmaller,

c. the systematic risk g.(K) issmaller,

d. the probability ¢ that there will be no process innovation islarger.

Proof of Proposition 4.

(@ Snce O, K)>Qt+1K) and M(t,K)>M(@t+1K), we note that Mt K)+Q(t,K) is
decreasing with t and thus increasing with N, fromthe definition of Q(t, K) and M (t,K) .
(b)Fromthe definition of M (t, K) , we can seethat M (t,K) isdecreasing withr.

We prove by induction that M(t,K)+Q(t,K) is also decreasing with r. If t=N,
M(N,K)+ Q(N,K) =M (N,K) isdecreasing withr.

Suppose that M (t+1,K)+Q(t +1, K) is decreasing with r. Then Mt +1,K +0) +Q(t+1,K +1) is
also decreasing with r, since K is any finite non-negative integer.

Then at time t, we have

M (t,K)+Q(t,K) =
M@K +max[M(t+LK+D)+Qt+LK+D) -1 0-max[ Mt +1LK)+ Q(t+1 K) -1, 0]+ Q(t +1, K)

Since M(t+LK +1) + Q(t +1L K +1) > M (t +1, K) + Q(t +1,K) , we have the following three cases:
Casel: M(t+LK+)+Q(t+1L,K+1)-1<0.

M(t,K)Y+Qt,K) =M({,K)+Qt+LK)=M({{,K) - Mt +LK) + M(t+1,K)+Q(t +1, K)

is decreasing with r, since [M({+1K)+Q(t+1K)] and [M(,K)-M(t+1K)] are both
decreasing withr.

Case2 M(t+1LK+D)+Qt+1,K+1)-1>0 and M(t+1,K)+Q(t +1,K)-1<0.

MK +Qt,K)=M({,K)+M({t+LK+D)+Qt+LK+1) -1+ Q(t +1,K)

=M({t,K)-M(t+LK)+M({t+LK)+Qt +1L,K) + M(t+LK+1)+Q(t+1L, K+1) -1
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isdecreasing withr, since [M(t +1 K) + Q(t+1,K)], [M({t+1,K +1) + Q(t +1,K +1)]

and [M (t,K) - M (t +1 K)] areall decreasing withr.

Case3: M(t+LK)+Q(t+1,K)-1>0

M(t,K)+Q(t,K)=M(t,K)+ M (t+LK +1) + Q(t+1 K +1) - M (t + LK) is decreasing with r, since
[Mt+LK+1)+Q(t+1,K +1)] and [M(t,K) —M (t +1, K)] are both decreasing withr.

We can use a similar approach asin (b) to prove (c) and (d). o

Lemma 5. The present value of the incremental cash flows due to process improvement at timet,

1<t <N, with thelevel of knowledge of K, is

V; (t,K) = 1(t) exp(C,(K) - B (K)I[r ],

N o)
where i =1,2,3, and I[r,t]= > e + > 95 Ne ™" is defined in equation (A1) and is the

s=t+l s=N+1

value of a perpetual consul bond, where the payment on this bond, after N, depreciates at a
constant rate1- 9.

Proof of Lemma 5.

We use the same procedure used in the proof of Lemma 1 to prove each case and get the result. o
Proposition 5. (Optimal investment decision considering competitive factors) At any timet,

1<t < N, with the level of knowledgeK, if M (t, K) + Q(t,K) > 1, then the firm should invest in

process improvement; otherwise, the firm should not invest in process improvement, where

M (t,K) has been defined earlier and Q(t, K) is calculated as follows:

Q(t,K):NibV(H i, K)=W(t+1 K)+Q(t +1,K) (A7)
j=1

W(t, K) = max[M (t,K +1) + Q(t, K +1) -1, 0]- max[M (t, K)+ Q(t, K) -1, 0] + [L (t,K +1)— L(t,K)](A8)

Q(N,K+j)=0, j=0,-, N-t+2. (A9)



Proof of Proposition 5.

Whent =N, according to the definition in equation (A9), we have
Q(N,K)=Q(N,K +1) =Q(N,K +2) =0

Now, when t = N-1, from the definition of the option to invest in the paper, we have
O(N,K +1) = max[H (N,K +1) + ®(N,K +1)— I (N), U(N,K +1)]

O(N,K) =max[H(N,K)+®(N,K) -1 (N),U(N,K)]

O(N,K +1) - O(N,K) = (N)W(N,K), where W(N, K) isdefined in (A8).

SO

z(N)
zZ(N-1

®(N-1,K) :EN_l[ [O(N,K +1)—®(N,K)]}: I (N -D)Q(N -1K)

where Q(N-1,K) =W(N,K) and the calculation of the expectation uses the lognormality of
the pricing kernel and investment cost. Similarly, we have Q(N -1, K +1) =W(N, K +1)
Whent =N-2,

O(N-1K+1)=max[H(N-LK +1)+D(N -1 K +1) —I(N —-1),U(N -1, K +1)]

O(N -1 K)=maxH(N -1LK) +D(N -1 K)— (N -1),U(N-1K)]
O(N-LK+1)-O(N-1LK)=I(N-DW(N -1K)

2(N-1)

N [ON-LK+D-O(N -1 K)]} EN—Z[
— I(N=2)Q(N -2,K)

Z(N)
Z(N-2)

(D(N—Z,K):EN_Z[ [@(N,K+D—®(N,K)ﬂ

2
where Q(N - 2,K) :ZW(N—2+ J,K) and thelaw of iterated expectations (see Billingsley

j=
1986, page 470) isused in calculating the second expectation.

When the current time period is t, we have
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Ot K) = '\_'z_iEt[z(zt&)j) ot + j,K +1)—®(t+j,K)]}= | ()t K)
j=

N-t
where Q(t,K) = ZW(H j,K) . At timet, with the level of knowledge K, if

j=L
H(t,K)+d(t,K)-U (t,K)>I(N) or M(t,K)+ Q(t, K) > 1, the firm should go ahead and

invest. This provesthe result. o

Proposition 6. In an environment with uncertainty about the superiority of the firm's process
relativeto othersin theindustry, if K is the knowledge level at timet and the conditionin (6) is
satisfied, we have
M({t,K)+Qt,K)>M({t+1, K)+Q(t+1,K), 1<t < N..
So, if thefirmdoesn’t invest at timet, the firmwill not invest in the remaining periods.
Proof of Proposition 6. We first show the following results when equation (6) is satisfied:

M@, K)>M(t+LK), 1<t <N

Qt K)=Qt+LK), 1<t<N

Since we can use similar approaches used in the proofs of the corresponding results without
competitive factorsin section 3 to show these results, the proof is omitted. Using these resullts,

we have

M(t,K)+Qt,K)>M({t+LK)+Q(t+1,K),1<t< N. O

Lemma 6. Let K be the knowledge level at t. If v, (t,K)+V, (t,K) >V, (t,K) and the condition in
equation (6) is satisfied, then the larger the value of p(t), thelarger is M (t, K) + Q(t,K) and the

more likely the firmisto invest in process improvement.
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Proof of Lemma 6. First, if V,(t,K) +V;(t,K) >V, (t,K) , we can seethat M (t,K) isincreasing
with p. We prove by induction that M (t, K) + Q(t, K) isalso increasing with p.When t = N, we
have M (N,K) +Q(N,K) = M(N,K), whichisincreasing with p, since O(N,K)=0 from the
definition in equation (A9). Supposethat M (t +1 K) + Q(t + 1K) isincreasing with p at time
period t +1. Now at t, according to equations (A7) and (A8), we have

M, K)+Q(t,K)=M({,K)+W({t +1LK)+Q(t +1, K)
=M, K)+Ma{M (t+LK+D)+Q(t+1LK +1D) -1 0]- Ma{M (t +1L, K)+ Q(t+1,K)-1,0] +
[LEt+LK +1) - L(t+1 K) ]+ Q(t + LK)

Now we can use an approach similar to that in the proof of part (b) in Proposition 4 to show that
that M(t,K) + Q(t,K) is increasing with p, by considering that
[Lt+1LK +2)— L(t, K)], [M(t+1K)+Q(t+1,K)] and [M (t, K)— M (t+1,K)] are al increasing

withp. o
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