A. Proof of Proposition 7

From Equation (3), we can write the profit functions of Firm 1 and Firm 2, before cooperations, as follows

m™ = A1 Z (Oérf' Z ak5ki) (si —ci)

i€N7 k& Ny
Ty = AG2 Z (Oérf' Z akéki) (si—ci)
i€N2 k¢ No

The profit of Firm 1, after cooperation is given by

7&1,2} =\ Z(Sz —Ci)(Oérf' Z 058622') + Aq1 Z (s —ﬂmsi)(% + Z Oéz(sﬁ)

ieN; ¢ N1UNy iEN3\ Ny £¢ N{UNy

+Aq2 Z (ﬁzlsi—ci)(ai‘i‘ Z alééi)

i€N7\ Ny (¢ N1UN>

which can also be written as

Arit? = )\qlz Z €i)0p + Ag1 Z Si(ai"’_ Z 02521)—)\‘12 Z Ci(o‘i+ Z 0‘55“)

i€EN1 LEN2\ N1 i€ N2\ Ny (¢ NjUN> i€N1\Na L& N1UN>o
—Bi2Aq1 Z S4 (Oéi + Z Oée(su) + B21Aq2 Z S; (ai + Z 02511)
i€EN2\ Ny £¢ N UN> i€N1\No £¢N1UN>

Similarly, using Equation (7), we can write the profit of Firm 2 after cooperation as

A = Aqu Z 8 — €i)0p0p; + Aqa Z Si(ai+ Z ae5ei)_>\fh Z Ci(ai+ Z afd“)

i€N3 LEN1\N2 i€N1\Na (¢ N1UNo i€Na\ N1 £¢N1UNo
—B21Aq2 Z Si (ai + Z aldli) + Bi2Aq1 Z Si (Oéi + Z 0445&)
i€N1\ N2 £¢N1UN; iEN2\ Ny (¢ N{UN,

Then the net change in total profits of these two firms is given by
ArC = AxitH 4 Apit?

= Aq1 Z (sﬁci)(aﬁaoéoi) Z Z C;) o0y

i€N2\ N1 i€N1 LEN2\ Ny
+Aq2 Z (i —ci) (Oéi + 050501') Z Z ;)00
i€N1\Na i€N3 L€N1\Na

Now, suppose Aﬂm} + Awél’g} >0 and also define the following parameters

Ai==Xq1 >, > (si—c)ade+Ag Y, Si(ai+ > Oéz(szi)*)\% > Ci<04¢+ > 0425e¢)

i€N7 LEN2\ Ny i€EN3\ Ny ¢ N{UNy i€EN7\ Ny (¢ N{UN>y

As==Xg2 Y > (si—c)agbe+Ag2 Y Si(Oérf' > 062522')—)\(]1 > Ci(ai+ > az5ei)

i€N3 L€N1\No i€EN\ Ny £¢ N1UNy i€N3\ Ny (¢ N{UN,

B=X\g >, si(aﬂr > az5ei)

i€N1\No (¢ NyUNo
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C= a1 > si(ai—l- > 04135151')

i€N2\ Ny ¢¢N7UN>

Using these definitions, we can write An{ and An{ as

Ar{ = Ay 4 Bfa1 — Cpra

Arg = Ay — Bfa1 + CPrs
Now let us consider the set of inequalities

A1+ Bf21 —CPiz > 0

Ay = Bfa1 +Chia > 0

1>821 20

1> B2 > 0.
This set of inequalities has a feasible solution if and only if —% <1 and —% < 1. Comparing the terms of
Ay + B and A; + A, yields that, since A7 = A; + A, >0, A; + B >0 and therefore —% < 1. Similarly,
Comparing the terms of A, + C and A; + A, yields —% < 1. As a result, the set of inequalities above has

always a feasible solution and therefore one can always find discount factors 0 < (315 <1 and 0 < 857 < 1 such

that Ar¢ >0 and An§ >0. O

B. Proofs of Propositions in Section 3.1

Preliminary. When ¢; = ¢ = ¢, a; = a3 = «, and p; = ps = p, Equation (11) can be written as

202 30—-2)—0
AWC:)\qp( a +onE_1 ) ) (23)
Let ®(a) = %. Since g%‘f = (a‘i"l)s <0 for all possible values of a and 6, ®(«) is concave in a.

Further ®(0)=6>0 and ®(3) =1—6> 0. Hence, ®(a) is nonnegative. As a result, the net change in total
profit, Ar¢ in equation (23), is also nonnegative.
B.1. Proof of Proposition 1

In this case, we assume that a; = ay = a. Define ¢; = ¢+ Aq and ¢ = ¢ — Aq, and let p; = p+ Ap and

p2 =p — Ap. Then the net change in total profit given in Equation (11) can be written as
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202 + (30 -2) -0 202(20 - 1)+ (2—30) + 6

AT =\ — AApA 24
B Y pad =) (24)
For Am® to be nonnegative, the following inequality should hold
—2a? 2-30)+46
ApAg < pg(—20” + of )+9) (25)

2(20 —1)a2 +a(2-30)+0°
Since —20% — (30 —2) + 60 > 0 for all a € [0,%] and all § € [0,1], and —2a* — a(30 — 2) + 6 <
2(20 —1)a® + (2 — 30) + 6, the right hand side of inequality (25) is always in the interval [0,1]. Note that
when Ap =0, i.e., p; = p2, or when Ag=0, i.e., g1 = ¢o, the term ApAgq is 0. Therefore the inequality is
satisfied and the cooperation is beneficial. Similarly when ApAq <0, i.e., when (p; > pa, ¢1 < ¢2) or when
(p1 < p2, @1 > g2), inequality (25) is satisfied. Otherwise, when ApAq > 0, i.e., when (p; > p2, g1 > ¢2) or

when (p; < p2, ¢1 < g2) the term ApAgq should not exceed the threshold on the right hand side of (25) so

that cooperation benefits the two firms. [

B.2. Proof of Proposition 2
Let a1 =a+ Aa,as = a — Aa, p1 =p+ Ap, and pa = p — Ap. Then, using equation (11), the net change in

the total profit can be written as

c 20 ((1—a)? = Ac?)+0((1-3a)(1—a)+Aa?)
AT = Apq (1—a)?2—Aa?
+2ApAag) (1 Lo 2_&20‘) + (1(01 a_)f - A)Z2> (26)

Notice that the first term of the summation in equation (26) is the same as the right hand side of equation
(23) when Aa = 0. In the preliminary, we showed that this term is nonnegative. Since o« > Aa and 1 —a > Aq,

first term of the summation in the above expression is also nonnegative. Moreover, since o < 1,

_ 2 Ap?2
0(1—-2a) N (o — Aa?)f >0.
20 (1—a)2—Aa?

Therefore, the second term of the summation in equation (26) is also nonnegative if ApAa > 0. On the other
hand, A7w® will still be nonnegative, for ApAa < 0, if ApAa satisfies the following criteria.

—2a%p((1—a)? — Aa?) +20a ((1 — 3a)(1 — o) + Aa?)

APACS 501 —a)? — Aa?] + 601~ 2a)[(1— a)? — Aa?] § 2a(a? — Ac?)

(27)
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B.3. Proof of Proposition 3
Let oy =a+ Aa,as =a— Aa, ¢ = ¢+ Agq, and ¢» = q¢— Agq. Then the net change in the total profit can be

written as

20 ((1—a)?—Aa®)+6((1—-3a)(1 —a)+ Aa?)

A7 = \pg

(1-a)? - Aa?
0(1-2a) (a®?—Aa?)0
—2AqAap) (1 e T A (28)

Following our proof of Proposition 2 and using the similarity of equation (26) and equation (28), notice

that Am® is nonnegative when AgAa <0 or when AgAa >0 and

2q0? (1 —a)? — Aa?) + 20 (1 — 3a)(1 — a) + Aa?)
2a[(1—a)? — Aa?] +60(1 —2a)[(1 — a)? — Aa?| + 20a(a? — Aa?)’

AgAa < (29)

O

C. Proofs of Propositions in Section 4

C.1. Proof of Proposition 8

We consider m symmetrical single-product firms. Let ag =1— )" | o; be the market share of products that
are not produced by these m firms, representing the outside option. The net change in total profit of these

m firms after cooperation can be written by using Equation (10) as

A7 = Z Apig; | o+ o - Z Z Apigi | o ——— ). (30)
1 1o 1—ag e~ L 1—a;
i=1 j=1,j#1 =1 j=1,j71 J
Let a;=a= 1;?0, q¢; =q, and p; =p, for i =1,...,m. The above equation then reduces to

0 0
A% = Apgm(m — 1) (a+ Go7 a )

1-— (6s) 11—«
Substituting ap =1 — ma into Equation (31) yields

a’m+al((m+1)0—m)—0
(a—1)

AT = Apg(m —1)

When a =0, A7 = Apg(m — 1)8 > 0. Similarly when o = X, A7¢ = Apg(m — 1 —0) > 0. An® reaches its

m

unique maximum of Apgm(m — 1) ((1 —V0)? + 9) >0 at a* =1—+/0. Therefore Ar° >0 for all 0 < o <

1
m

O
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C.2. Proof of Proposition 9

Since there are | M| = m single-product firms and |M| =m products, we set & = = and ¢ = =. In this market,
let us consider an existing cooperation of k firms, where k < m. All the products that are not produced by
m—k

this cooperation are lumped into a single product with ag =1 —ka = "= as the outside option. The net

change in total profit can be written by using Equation (10) as

(32)

2
A']TCk :)\qu(k— 1) (O{—l— aO@Oé Oa ) '

1-— (675} B l1—«
Since the firms are symmetric, the total benefit is naturally shared equally among k firms. Substituting

a=21 ¢g= i7 and ag = ’"T’k into the above equation yields the net change in the profit of Firm 4, where

m

i € C}, can be computed as

AW-C’“:Apk_1<1+9(m_k)— 0 ) (33)

¢ m?2 k m—1
Now let us consider the case of adding one more member to this cooperation. In this case, the net increase

in Firm #’s profit can be written directly from Equation (35) by replacing k with k + 1 that yields

k O(m—k—1) 0
A = p— (1 - : 4
i )\pmz( + k+1 m—l) (34)
7% — 7€ can be derived from Equations (35) and (34) as

Ap 1 m
ArSt A =2 (1 —— " 1)),
I ; m2< H(m_l k(k+1)+ >) (35)

Since k<m—1, m>2, and 0 <1, the above term is always positive and therefore adding one more member
to any cooperation with k <m —1 firms is always beneficial for each firm. As a result, a cooperation involving

all m firms (grand coalition) would naturally form in a market with m symmetric single-product firms. O
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